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1. Introduction 

A very important tool to understand the asymptotic behaviour of a line bundle is 
the Zariski decomposition. 

A Q-Cartier divisor D on a projective variety X admits a Q-Zariski decomposition 
in the sense of Cutkosky-Kawamata-Moriwaki (or a Q-CKM Zariski decomposition) 



Abstract. We investigate the semiampleness of the positive part of CKM Zariski 
decompositions of big divisors on LC pairs whose difference with the log canonical 
divisor is nef. We give some conjectures that would generalize an important 
0*4 theorem of Kawamata and we prove them in low dimension. Moreover we give a 

relative version of DLT pair and we prove a similar statement in this setting. 

£ 

\o 

o 

<C D = P + N if 

— • P and iV are Q-Cartier divisors; 

• P is nef and iV is effective; 

• There exists an integer k > such that kD and kP are integral divisors and 
1-1 for every m E N the natural map 

m H°(X, OxikmP)) -»• H°(X, O x {kmD)) 

is bijective. 

)^ Every pseudoeffective divisor on a smooth projective surface admits a Zariski de- 

VjD composition (see |Fuj79| ). On the other hand in higher dimension there exist big 

divisors such that no birational pullbacks admit a Zariski decomposition, as shown 

t-h by Cutkosky in |Cut86j . even if we allow P and N to be M-divisors (see |Nak04] ). 

If D admits a Q-CKM Zariski decomposition, then, up to pass to a multiple, the 
graded ring R{X,D) := @ mm H°(X,O x (mD)) is isomorphic to R(X,P), so that 
in order to check its finite generation it suffices to study the finite generation of the 

^ ring associated to the nef divisor P. This implies that the semiampleness of P, the 

so-called positive part of the Zariski decomposition of D, is a sufficient condition 
for the finite generation of R(X,D). See [M.pr£Zl (9.11)] for the importance of the 
Zariski decomposition in the context of the Abundance Conjecture. 
Our starting point is the main theorem of the paper |Kaw87j . (A trivial generaliza- 
tion of) Kawamata's theorem says that: 

Theorem 1.1 (Kawamata). Let X be a normal projective variety and let A be a 
Weil effective Q-divisor such that (X, A) is a KLT pair. If D is a Q-Cartier divisor 
such that 
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A: D is big; 

B: aD — (Kx + A) is nef for some rational number a > 0; 
C: D admits a Q-CKM Zariski decomposition D = P + N; 

then the positive part P is semiample, so that R(X, D) is finitely generated. 

In this paper we want to consider the case when (X, A) is an LC pair. 
The same theorem is no longer true in general in this shown in section 8, so 

that we have to assume more. For this reason we use the notion of logbig divisors, 
introduced by Miles Reid. 

A big Q-Cartier divisor is logbig for an LC pair if its restriction to every LC center 



of the pair is still big (see definition 4.1). 
We state the following conjecture: 

Conjecture 1. Let (X, A) be an LC pair, with A effective. 

If D is a Q-Cartier Q-divisor on X which satisfies A,B and C, and P is logbig for 
the pair (X, A), then P is semiample. 

In the case iV = 0, a very similar result was stated by Miles Reid in [Rei93j and was 
proved by Florin Ambro in the more general setting of quasi-log varieties in [AmbOl , 
theorem 7.2] (see also |Fuj09a[ theorem 4.4]). Moreover, when X is smooth and A 



and N are SNCS divisors Conjecture 1 is true and follows from |Fuj07b, theorem 5.1]. 



In fact the saturation condition discussed by Fujino corresponds to the properties 
of the positive part of the Zariski decomposition. 

Note that a sufficient condition for the positive part P to be logbig for the pair 
(X, A) is that the augmented base locus M + (D) does not contain any LC center of 
the pair. Hence Conjecture 1 would imply the following: 

Conjecture 2. Let (X, A) be an LC pair, with A effective. 

If D is a Q-Cartier Q-divisor on X which satisfies A,B and C, and M + (D) does 
not contain any LC center of the pair (X, A), then P is semiample. 

On the other hand, note that, for a divisor D, the existence of a Zariski decompo- 
sition is a very strong property in general, while it is more likely that a birational 
pullback of D admits one. In other words we want to replace hypothesis C with the 
following: 

Cj: There exists a projective birational morphism / : Z — >■ X such that 
/*(£>) = P + N is a Q-CKM Zariski decomposition. 

We can thus generalize Conjecture 1 and Conjecture 2 as follows (the "b" stands 
for "birational"): 

Conjecture lb. Let (X, A) be an LC pair, with A effective. 
Let D be a Q-Cartier Q-divisor on X satisfying A ; B and Cf, for some f : Z —> 
X. If P is logbig for the pair (Z,Az), where Az is a Q-divisor on Z such that 
Kz + Az = f*{Kx + A), then P is semiample. 

Conjecture 2b. Let (X, A) be an LC pair, with A effective. 
Let D be a Q-Cartier Q-divisor on X satisfying A,B and Cf, for some f : Z —> X. 
If M + (f* D) does not contain any LC center of the pair (Z,Az), where Az is a 
Q-divisor on Z such that Kz + Az = f*(Kx + A), then P is semiample. 

In this paper we easily deduce from |Fuj07b[ theorem 5.1] that Conjecture lb holds 



if a suitable pair on Z is DLT (see theorem 4.2), which in particular implies that 
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Conjecture 1 holds if (A, A) is DLT. In section 5 we give sufficient conditions on 
the Zariski-decomposed divisor and on the geometry of the LC centers of the pair 
in order to have the semiampleness (see 5.3 and 5.5). As a corollary we prove the 
following: 



Theorem 1.2 (see corollary 5.6). Conjecture lb holds if dimX < 3. 

Also we prove that Conjecture 2 holds if we assume some standard very strong con- 
jectures concerning the Minimal Model Program, namely the abundance conjecture 
(for semi log canonical pairs) and the existence of minimal models (in lower dimen- 
sion) for DLT pairs of log-general type (see theorem 5.7). As a corollary we get 
that 



Theorem 1.3 (see corollary 5.8). Conjecture 2 holds if dimX < 4. 
In section 6 we consider a relative version of DLT pair: 



Definition 1.4 (see definition 6.1). Let (A, A) be a pair, with A = ^aj-Dj, where 
the -Dj's are distinct prime divisors and a% £ Q for every i. Let D £ Dwq(X). 
We define the non-simple normal crossing locus of (X, A) as the closed set 

NSNC(A) = X \ U, 

where U is the biggest open subset of X such that A^ has simple normal crossing 
support. 

We say that (X, A) is a D-DLT pair if 

(1) V £ Sing(X) U NSNC(A) for every LC center V of the pair (X, A) such 
that VnB(D) + 0; 

(2) Oi < 1 for every i such that A n M(D) / 0; 



Note that a D-DLT pair is not necessarily LC. As a particular case of theorem 6.9 
we prove the following: 



Theorem 1.5 (see corollary 6.10). Let (X, A) be a pair such that A is effective. 
Let D be a Q-Cartier divisor on X satisfying A,B and Cf, where f : Z — >• X , 
and let Az be a Q-divisor on Z such that Kz + Az = f*{Kx + A). // (Z,Az) 
is f* (D)-DLT and M + (f* (D)) does not contain any LC center of the pair (Z, Az), 
then P is semiample. 

This was inspired by [Amb05, Theorem 2.1]. 

We say that a pair (A, A) is weak log Fano if — (Kx + A) is big and nef. Using 
the previous theorem we find sufficient conditions for the semiampleness of the log 
anticanonical divisor of (possibly non-LC) weak log Fano pairs: 

Corollary 1.6 (see corollary |6.12 ). Let (A, A) be a weak log Fano pair. Suppose 
that 

• (A, A) is a -(K x + A) -DLT pair; 

• B + (— (Kx + A)) does not contain any LC center of the pair (A, A); 
then —(Kx + A) is semiample. 

See [Gon09] and |Conl0j for related results in the LC case. 

Note that in many statements we do not need a > in hypothesis B. Moreover 
some of our theorems hold under the more usual hypotheses 

B': aD — (Kx + A) big and nef for some a £ Q + ; 

C: D admits a Q-CKM Zariski decomposition D = P + N , 

as shown in section 7. 
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2. Preliminaries 

2.1. Notation and conventions. We will work over the field of complex number 
C. We denote by Div(X) the set of Cartier divisors on X and by Divq(X) the set 
of divisors such that an integral multiple is Cartier. 

A pair (X, A) consists of a normal projective variety X and a Weil Q-divisor A on 
X such that K x + A € Divq(X). 

We say that a subvariety V C X is a log canonical center or a L C center of the pair 

(A, A) if it is the image, through a proper birational morphism, of a divisor E over 

X such that the discrepancy a(E,X,A) < —1. 

We define CLC(X, A)={LC centers of the pair (X, A)}. 

Given SCIa closed subset we define 

CLC{X, A,S) = {V G CLC(X, A) : VnS^$}. 

We say that the pair (A, A) is 5-KLT if CLC(X, A, S) = 0. We say that (X, A) is 
D-KLT if CLC(X, A, B(D)) = 0. 

We refer to [KMOO] for the standard definitions about singularities of pairs that we 
do not give explicitly. 

Definition 2.1. Let X be a normal variety and let D be a Weil M-divisor on A. If 
we write D = ^2 diDi, where the Di are distinct prime divisors, we define 



di>l di=l 

2.2. Standard log-resolutions. Let A" be a normal projective variety and let D 
be a reduced Weil divisor on A. 

A standard log-resolution of the pair (A, D) is a log-resolution / of the pair (A, D) 
such that 

• / is a composition of blowings-up of smooth subvarieties of codimension 
greater than 1 up to isomorphisms; 

• f\ f _ x u is an isomorphism, where U = X \ (NSNC(D) U Sing(X)). 

If X is smooth and I C Ox is a non zero ideal sheaf, then a standard log-resolution 
of the ideal sheaf X is a log-resolution g of X such that g is a composition of blowings- 
up of smooth subvarieties of codimension greater than 1 contained in Cosupp(X) up 
to isomorphisms. 

In particular q\ , is an isomorphism. 

Remark 2.2. Given a normal projective variety X and a reduced Weil divisor D 
on X, there exists a standard log-resolution of the pair (A, D) (this follows, for 
example, by [Laz04l theorem 4.1.3] and |Fuj07a[ theorem 3.5.1]). 
If Y is a smooth projective variety and X C Oy is a non zero ideal sheaf, then there 
exists a standard log-resolution of X (see for example [Kol05, theorem 35]). 
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Lemma 2.3. Let (X, A) be a LC pair. Let L E Dwq(X) be big and nef and such 
that B+(L) does not contain any LC center of the pair (X, A). 

Then there exists an effective Cartier divisor V on X , not containing any LC center 
of (X, A) in its support, and a rational number Ao > such that Bs(\T\) = B + (L) 
and for each A G Q n (0, Ao), we have that 

(1) L — Ar G Dwq(X) and it is ample; 

(2) (X, A + Ar) is an LC pair; 

(3) CLC(X, A + Ar) = CLC(X, A). 

(4) (X, A + Ar) is DLT if (X, A) is such. 

Moreover T can be chosen generically in its linear series. 

Proof. By [ELMNP06, Prop. 1.5] there exists H, an ample Q-divisor on X, and 
there exists mo £ N such that 

JB+(L) = B(L -H) = Bs(\m (L - H)\). 

Hence, as CLC(X, A) is a finite set, we can choose a general divisor T in \mo(L— H)\ 
such that Supp(r) does not contain LC centers of (X, A). 

Thus there exists Ai > such that if A € Q n (0, Ai), then (X, A + Ar) is an LC 
pair and CLC(X, A + Ar) = CLC(X, A). 

Moreover it is easy to see that (X, A + Ar) is DLT if (X, A) is such. 
Now, for all A G Q n (0, 1], we have that 

L — XT ~Q) (1 — Xmo)L + XmoH 
is ample if A < Thus, if we define Ao = min{Ai, we get the thesis. □ 

2.3. Zariski decomposition and birational modifications. Lor our purposes 
we need to extend the classical definition of Zariski decomposition in the sense of 
Cutkosky-Kawamata-Moriwaki to some non Q-Cartier cases. Prom now on we will 
use the following definition: 

Definition 2.4. Let X be a normal projective variety and let D be a Weil Q- 
divisor on X. We say that D admits a Q-Zariski decomposition in the sense of 
Cutkosky-Kawamata-Moriwaki (or a Q-CKM Zariski decomposition) D = P + N if 

• P is a Q-Cartier divisor and N is a Weil Q-divisor; 

• P is nef and N is effective; 

• There exists an integer k > such that kP is Cartier, kD is an integral Weil 
divisor and for every m £ N we have an isomorphism 

H°(X, O x {kmP)) ~ H°(X, O x {kmD)). 

Note that kmD might not be a Cartier divisor but it still makes sense to consider the 
reflexive sheaf Ox (kmD) and its H°. In particular if D is Q-Cartier this definition 
coincides with the one given in the introduction. 

Definition 2.5. Let (X, A) be a pair with A effective. We define the b-divisors 
A(A) and L(A): 

For every birational morphism / : Z — > X, if E and F are effective Weil Q-divisors 
on Z without common components such that 

K z + E = f*(K x + A)+F and /*(£- F) = A, 

we put the trace A(A)z = E — F and the trace L(A)z = E. 
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The following lemma will be very useful to treat the case when a birational pullback 
of a given divisor admits a Zariski decomposition. 

Lemma 2.6. Let (X, A) be a pair such that A is effective, let D G Divq(X) and 
let a G Q. // there exists a projective birational morphism f : Z — > X such that 
f*(D) = P + N is a Q-CKM Zariski decomposition, then there exist Weil Q- divisors 
D',P',N',A Z such that 

• Az is effective; 

• D' = P' + N' is a Q-CKM Zariski decomposition; 

• Az — N' = A(A)z — aN, so that in particular (Z, Az — N') is a pair; 

• P' = bP for some b > 0; 

• t P' - {K z + A Z -N') = P + f*(aD - (K x + A)) for some t G <Q>. 

In particular if D is big and aD — (Kx + A) is nef or if aD — (Kx + A) is big and 
nef then 

t P' - (K z + A Z - N') 

is big and nef. 

Proof. Define a' = — min{0, a} and a" = max{0, a}, so that a' > 0, a" > and 
a = a" — a'. Moreover we can write A(A) Z = A + — A~ , where A + and A~ are 
effective and without common components, so that A~ is /-exceptional. We define 
A z := A + + a'N, N' := a" N + A~, P' := (a" + 1)P and D' := P' + N' . 
Then it is immediate that Az is effective, Az — N' = A(A)z — aN and P' is a 
positive rational multiple of P. 

Moreover P' is a nef Q-Cartier divisor, N' is effective and by using the hypothesis 
and Fujita's lemma we can see that there exists k! £ N such that 

H°(Z, Oz(k'mP')) ~ H°(Z, O z (k'mD')) 

for every m G N, so that D' = P' + N' is a Q-CKM Zariski decomposition. 
Now note that 

P + f*(aD - (K x + A)) = (a + 1)P + aN - (K z + A(A) Z ) = 
= (a + l)P + a"N - (K z + A(A) Z + a'N) = (a + 1)P - (K z + A z - N 1 ) = 

= t P'- (Kz + Az- N'), 

where t = ^ £ Q. 

□ 

3. Q-GORENSTEIN CASE 

In this section we present some results for Q-Gorenstein pairs. 

In particular the following proposition treats the case of an LC pair that can be 

"approximated" with a KLT pair. 

Proposition 3.1. Let X be a normal projective Q-Gorenstein variety and let A G 
Divq(X) be effective and such that (X, A) is an LC pair and (X, (1 — b) A) is a KLT 
pair for some rational number b > 0. 
If D E Divq(X) is such that 

(1) D is big; 

(2) ~B> + (D) does not contain any LC center of the pair (X, A); 

(3) D admits a Q-CKM Zariski decomposition 

D = P + N; 
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then there exists f3 > such that if 

aD — (Kx + A) is nef for some rational number a > — /3, 
then P is semiample. 

Proof. The hypothesis on the pair (X, A) implies that Supp(A) contains all the LC 
centers of the pair (X, A) . 

Note that P is big because D is such. By the definition of Q-CKM Zariski decompo- 
sition it is easy to see that B + (P) = M + (D) and Supp(A^) C M + (D). Then, thanks 



to lemma 2.3 we can find an effective Cartier divisor V and a rational number 
A > such that P - XT is ample, the pair (X, A + XT) is LC and CLC(X, A) = 
CLC(X,A + XT). 

Moreover, as Supp(iV) does not contain any LC center of the pair (X, A + Ar), there 
exists P G Q + such that if < ft < P, then the pair (X, A + Ar + ftN) is LC and 
CLC(X, A + Ar + p'N) = CLC(X, A). 

This implies that Supp(A) contains all the LC centers of the pair (X, A + XT + P'N). 
Hence it is easy to see that for every rational number e G (0, 1), for every ft G [0, P), 
the pair (X, (1 - e) A + XT + ftN) is KLT and (1 - e)A + Ar + ft N is effective. 
Now we have that 

(1 + a)P + aN- (K x + (1 - e)A + Ar) = (P - Ar) + (aD - (K x + A)) + eA 

is ample, thanks to the openness of the ample cone, for e > small enough. 

If a > we conclude by applying Kawamata's theorem |1.1| to the pair (X, (1 — e)A + 

Ar). 

If — P < a < we can apply theorem |1.1| to the pair (X, (1 — e)A + Ar — aN). □ 

As an easy corollary of the main result in [Amb05| we state a result in the context 
of P-KLT pairs: 

Theorem 3.2. Let X be a normal projective variety and let A be an effective Weil 
Q-divisor. Let D be a Weil Q-divisor such that 

(1) There exists a Q-CKM Zariski decomposition 

D = P + N; 

(2) There exist two rational numbers a and to, with a > ; such that (X, A — aN) 
is a P-KLT pair and 

t P - (K x + A - aN) 

is big and nef, 
then P is semiample. 

Proof. Let B = A-aN and let = aN. Then B+B_ = A > and t P-(K x +B) 
is big and nef. 

Moreover, by definition of Q-CKM Zariski decomposition there exists ko G N such 
that ko > a, koP is a Cartier divisor, koD is integral and 

H°(X, O x (mk P)) ~ H°(X, O x (mk D)) 
for all m G N. But r B^ = r aN~ l < k N. Hence, for all m G N, we get that 

H°(X, O x (mk P)) ~ H°(X, O x (mk P + r B^)). 
Thus we can apply [Amb05, theorem 2.1] and we get the semiampleness of P. □ 
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Corollary 3.3. Let (X, A) be a pair with A effective and let D G Dwq(X). Con- 
sider the following assumptions: 

(1) D is big; 

(2) aD — (Kx + A) is nef for some rational number a G Q; 

(2') aD — {Kx + A) is big and nef for some rational number a G Q; 

(3) There exists a projective birational morphism f : Z — )■ X such that f*(D) 
admits a Q-CKM Zariski decomposition 

f*(D) = P + N 

and (Z, A(A) Z - aN) is P-KLT. 
If D satisfies 1,2, and 3, or D satisfies 2' and 3, then P is semiample. 



Proof. Let us apply lemma 2.6, and consider to G Q and D' , P', N' , Az Weil Q- 
divisors on Z as in the lemma. Then t^P' — {Kz + Az — N') is big and nef and 
(Z, Az — N') is P'-KLT. 

Thus we can apply theorem 3.2 and we are done. □ 

If X is Q-Gorenstein, by the previous theorem we get the following: 

Theorem 3.4. Let (X, A) be an LC pair such that X is Q-Gorenstein and A is 
effective. 

Let D G Dwq(X) be such that 

(1) D is big; 

(2) B+(D) 2 V, for every V G CLC(X, A); 

(3) D has a Q-CKM Zariski decomposition 

D = P + N 

such that B(P) n V = for every V £ CLC{X, A) such that V % Supp(A); 
then there exists /3 > such that if 

aD — (Kx + A) is nef for some rational number a > —(3, 
then P is semiample. 

Proof. Note that P is big because D is such and it is easy to see that B + (P) = ~B + (D) 
and Supp(iV) C M + (D). Then, thanks to lemma 2.3, we can find an effective Cartier 
divisor T and a rational number A > such that P—XT is ample, the pair (X, A+Ar) 
is LC and CLC(X, A) = CLC{X, A + Ar). 

Now, as Supp(iV) does not contain any LC center of the pair (X, A + Ar), there 
exists P G Q+ such that if < < p, then the pair (X, A + XT + (3'N) is LC and 
CLC(X, A + Ar + f3' N) = CLC(X, A). 

Suppose a > —(3 is a rational number such that aD — (Kx + A) is nef. 
Define a' = — min{0, a}, a" = max{0, a}, so that a = a" — a' , a" > 0, < a' < j3. 
Moreover we define A' = A + Ar + a'N, so that A' is effective, (X, A') is LC and 
CLC(X, A') = CLC(X, A). Hence, we get that for every e G Q+ 

CLC(X, A'-eA-a"N) C CLC(X, A'—eA) = {V G CLC(X, A) such that V % Supp(A)}, 

so that, by hypothesis, B(P) does not intersect any LC center of the pair (X, A' — 
eD - a"N). Moreover 

(1 + a)P + a" 'N - (K x + A' - eA) = (1 + a)P + a" N - (K x + A + Ar + a' N - eA) = 
= (P - Ar) + (aD - (K x + A)) + eA 
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is ample if e is sufficiently small thanks to the openness of the ample cone. 



Thus we obtain the semiampleness of P by applying theorem 3.2 to the pair (X, A 1 



eA). □ 

4. DLT CASE 



The aim of this section is to prove theorem |4.2[ by reducing ourselves to the hy- 
potheses of |Fuj07b theorem 5.1]. In particular the theorem implies Conjecture 1 



in the DLT case. 
Definition 4.1. Let (X, A) be a pair and let L G Dwq(X). 

We say that L is logbig for the pair (X, A) if L is big and L\ y is big for every 
V €CLC(X,A). 

Moreover given an integer k G {1, . . . , n} we say that L is logbig in codimension k if 
L is big and L\ v is big for every V G CLC(X, A) such that codimxV = k. 

Theorem 4.2. Let (X, A) be an LC pair with A effective and let D G Dwq(X). 
Consider the following assumptions: 

(1) D is big; 

(2) aD — (Kx + A) is nef for some rational number a > 0; 

(2'J aD — (Kx + A) is big and nef for some rational number a > 0; 

(3) There exists a projective birational morphism f : Z — > X such that 

f*(D) = P + N 

is a Q-CKM Zariski decomposition and the pair (Z, ~L(A) Z ) is a DLT pair; 

(4) P is logbig for the pair (Z, L(A) Z ); 

(4') f*(aD - {K x + A)) is logbig for the pair (Z,L(A) Z ). 

If D satisfies 1,2,3,4 or %',3,4', then P is semiample. 



Proof. Let us apply lemma 2.6 and take to £ Q an d D' , P', N' , Az Weil Q-divisors 
on Z as in the lemma, so that in particular D' = P' + N' is a Q-CKM Zariski 
decomposition. 

Define B := A z - N' = A(A) Z - aN < L(A) Z , so that t P' - (K z + B) = 
P + f*(aD - (K x + A)) is big and nef. 

Moreover t^P' — (K z + B) is logbig for the pair (Z, L(A)z) because, by hypothesis, 
its restriction to every LC center of the pair (Z, ~L(A) Z ) is the sum of a big and a 
nef divisor. Then we have that toP' — (K z + B) is logbig for the pair (Z, B), because 
CLC(Z,B) C CLC(Z,L(A) Z ). 

Now thanks to the main theorem of [Sza95j, the DLTness of (Z, L(A)z) implies that 
every LC center of (Z,~L(A) Z ) is not contained in Sing(Z) U N SNC(L(A) Z ). 
Thus it is easy to see that every LC center of the pair (Z, B) is not contained in 
Sing(Z)U NSNC(B). 

Let n : Z' — > Z be a standard log-resolution of the pair (Z, B), so that (Z 1 , A(B) Z i) 
is an LC pair, Z' is smooth and A(B) Z i is SNCS. 

Now we choose ko G N such that kgP' is a Cartier divisor, k$D' is integral and 
H°(Z, O z (mk P')) ~ H°(Z, O z (mk D')) 

for all m G N. 

Moreover if we write A(B) Z > = (B') + — (-B')_, where (B') + and (-£>')- are effective 
divisors and they have not common components, then //*( r (B 1 )-^) < r N'~ l , because 
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Az is effective. Thus, by the projection formula, we get that for all m G N 
h (Z',O Z '(fi*(mk P')+ r (B')^)) < h°(Z,O z (mk P' + r N'^)) < 

< h°(Z,O z (mk D')) = h°(Z, O z (mk P')) = h°(Z' ,O z >(^(mk P'))). 
Note also that 

t ol M*(P') - (K z , + A(B)z') = tM*(t P' - (K z + B)) 
is big and nef, being the birational pullback of a big and nef divisor. 

We will prove that fi*(t P' - (K z + B)) is logbig for the pair (Z', A(B) Z >): 

Let V G CLC(Z',K(B)z>). Then n(V) £ Sing(Z) U NSNC(B). Thanks to the 

choice of fi this implies that V % exc(//), where we denote by exc(yu) the exceptional 

locus of /i, that is the complement of the biggest open subset of Y on which \i is an 

isomorphism. Then is birational. 

Consider the following commutative diagram: 



Z' 



'(V) 



M (v) c — >z 

(Kz + B) is logbig for the pair (Z,B), which implies that 
is big. 



We know that t P' 
(t P' -(K z + B))^ 

Then, by birationality of /i| v , we have that /j,?((toP' — (Kz + B))\^ v) ) is a big 
Q-divisor on V. 

But, by commutativity of the diagram, we have that 

M| V ((toP' ~ (Kz + B)) Uv) ) = (v*(t P' - (K Z + B))) ly . 

Thus we have proved that n*(toP' — (Kz + B)) is big when restricted to each LC 
center of the pair (Z' , A(B)z'), whence it is logbig for the pair (Z' , A(B)z')- 
Hence t n*(P') - (K z > + A(B) Z > ) is logbig for the pair (Z',A(B) Z >). 
Therefore we can apply |Fuj07b[ theorem 5.1] to the divisor fx*(P') and the pair 
(Z',A(B)z'), so that fi*(P') is semiample, which implies that P is semiample. □ 



5. LC GENERAL CASE 

Definition 5.1. Let (X, A) be a pair and let k G {1, . . . , n}, then we define 

NMt(X,A)= \J V, Nklt k (X,A)= [j V. 

veCLC(x,A) veCLC(x,A) 

VCN8NC(A)uSing{X) dimV<n-k 

Note that if (X, A) is DLT then NMt(X, A) = by |Sza95| . 

Theorem 5.2. Let (X, A) be a pair and suppose that A = ^2 i&1 d{Di, where all the 
Di 's are distinct prime divisors and di < 1 for every i G I. 

Moreover suppose that P G Dwq(X) and we can write A = A+ — A_, where A + 
and A_ are effective Q-divisors and the following properties are satisfied: 

(1) P is nef; 

(2) t P - (K x + A) is ample for some t Q G Q + ; 
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(3) There exists ko G N such that koP is a Cartier divisor and for all m G N it 
holds that 

H°{X, O x {mk P)) ~ H°(X, O x {mk P + r A_^)); 
(A) Nklt(X.A) = 0, or Pi is semiample; 

l JVfcit(X,A) 

(5) There exists fx : X' — > X, a standard log-resolution of the pair (X, A) such 
that a(E, X, A) > —2 for every prime divisor E C X' . 
Then P is semiample. 

Proof. Let (i : X' -> X be as in the hypothesis. Note that Nklt(X' , A(A) X >) = 
Supp((A(A) X /)^ 1 ), because X' is smooth and A(A) X > is SNCS. 
Now by the ampleness of t^P — (K x + A), for all //-exceptional divisors E\, . . . , E s 
on X' there exist arbitrarily small coefficients 5\,. . . ,5 S G Q + , such that 

s 

f(t P-(K x + A))-Y l 8 j E j 

i=i 

is ample. Then, if < e < 1 we have that n*(t P) - (K x > + (1 - e)A(A) X / + 
Ylj=i fijEj) i s stm am ple. For every e sufficiently small such that the above condition 
holds we define 

A e = {l-e)A{A) x ,+Y,SjEj, 

so that n*(mP) — (K X ' + A e ) is ample for every integer m>to thanks to the nefness 
of P. Now we can write 

A(A)x' = ^ °k x k + aiYl ~ /Z bmZm > 

keK leL meM 

where, for every k £ K , I £ L and m G M, we have that X k , Yj, Z m are pairwise 
distinct prime divisors, and 

b m > Vm G M, < a; < 1 V/ G L, 1 < c k < 2 Vfc G K : 

In fact all the coefficients of A(A)x' are smaller than 2 because of the choice of \x. 
Moreover we can suppose that exc(/i) C Supp(^Xfc + Y\ + J2Z m ), by con- 
sidering among the Y]'s also the prime /x-exceptional divisors not appearing in 
Supp(A(A)x')) w ith coefficient 0. Let us define 

A'+ := °k x k + zZ aiYl > A - := Yl bmZm > 

keK leL meM 

so that A' + and A'_ are effective, they have no common components and A(A)x' = 
A' + — A'_. Moreover for every k G K, I G L and m G M we define 

r Sj ifx k = Ej , ^r^ ify, = ^ . = r«5 j ifz m = ^ 

/fe \ otherwise ' " \ otherwise ' rm \ otherwise ' 
so that we can write 
A e = (C 1 - e ) c fc + + " + li)Yi ~ ^ (U ~ e ) b ™ ~ lm)Z m . 

keK leL meM 

Now we choose e and the <5j's small enough such that the following inequalities hold: 

• c' k := (1 - e)c k + 7fc < 2 Vfc G K; 

• a\ := (1 - e)ai + 7/ < 1 V/ G L; 

• b' m := (1 - e)b m - 7m > Vm G M, 
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and we define A := A e . Hence A = ^ c' k X k + ^ a 'i^i ~ S b m Z m , and 

• < c' k < 2 Vk£K; 

• < a[ < 1 VIeL; 

• < b' m < b m Vm G M. 

Note that 

|i>P) - (ifx'+A) 

is ample for every integer m > to and A is a SNCS divisor because Supp(A) C 
Supp(A(A) X ')Uexc(/x), so that Nklt(X', A) = Supp((A)^ 1 ). 
Now we define 

so that A + and A_ are effective and A = A + — A_. 
We claim that ^* r A_ n < r A_ n : 

In fact A_ < A'_, so that it suffices to show that ^* r A / _~ l < r A_ n . In particular 
we will show that /j,*A'_ < A_. 

The required inequality holds because, by definition, A'_ = Yl a (E x A)>o a (-^ A)E. 
Hence 

^(A'_) = a(^ l D l ,X,A)D i = ^ ~ d i D i < A_, 

aifiZ 1 Di,X, A)>0 d i<0 

because A_ is effective and A_ = A+ — A, so that, for every i, we have that 
ord^A- = ord^A-f — di > —di. Thus the claim is proved. 

Thanks to the claim, by using the projection formula, we obtain that if ko is as in 
the hypothesis, then 

h°(Y,O Y (ff(k mP) + r A_ n )) < h°(X, O x (k mP + r A_^)) 

for all m G N. But, by hypothesis, h°(Y, O y (n*(k Q mP))) = h° (X , O x (k mP)) = 
h°(X, O x (k mP + r A_ n )) for all m G N. Therefore, for all m G N 

H°(Y, O Y ^*(k mP))) ~ H°(Y, O Y {fi*(k mP) + r A^)). 

We will show the semiampleness of P by applying theorem 2.1 in |Amb05j to the 
pair (X',A) and the divisor n*(P). 

In particular, in order to apply the theorem it remains to show that BQu*(P)) n 
Nklt(X',A) = 0: 
Note that 

Nklt(X' , A) = Supp((Ap) Q{JX k = Supp((A(A) x /)^) = Nklt(X', A(A) X >). 

k&K 

Moreover Nklt(X', A) C exc(/x): 

In fact if k G K is such that X k is not exceptional, then X k = fi* 1 G, for some 
prime divisor G on X. Then c k = a(fi~ 1 G,X,A) = — ord^A > —1, thanks to the 
hypotheses on A. On the other hand j k = because X k is not exceptional, so that 
c' k = (1 - e)c k < c k < 1. 

Thus we get that Nklt(X', A) C Nklt(X', A(A) X >) n exc(p). Now we define 

T=Y J X k , 
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so that T is reduced and T = Supp((A)^ 1 ) = Nklt(X', A). In particular T C 
Nklt(X' , A(A)x') D exc(n). 

Let To be a prime divisor in the support of T. Then, on the one hand, To C 
Supp((A(A) X ')- 1 ), that is a(T , X, A) < -1, which implies that /x(T ) G CLC(X, A). 
On the other hand T C exc(» implies that ^(T ) C Sing(X)UNSNC(A), because 
/i is a standard log- resolution of the pair (X, A). 

Hence we get that /J,(To) C Nklt(X, A). But the same holds for every component 
of T, so that we have 

fi(T) C NkH(X,A). 

If NHt(X,A) = 0, then /i(T) = 0, so that T = Nklt(X',A) = and there is 

nothing to prove. We can thus assume that Nklt(X, A) / 0. 

Then, as by hypothesis P\ ^ ^ is semiample, we get that P| m(t) is semiample. 

Now we consider the commutative diagram: 

T< > X' 

M ( T )c 

As P| m(t) is semiample, we have that |U* r (P|^ (T) ) is semiample, which implies that 
/i*(P)i T is semiample. 

Now we claim that r -A n = r A_ n - T: In fact 

But, for all I G L, we have that > — a[ > —1, so that r — ap = 0. 
Moreover for all fc G if, > -c' k > -2, so that 

r_ c /n_ / "I if 4 > 1 
k 1 if c' fe < 1 

Thus _ 

m&M c ' k >l 

Take k\ G N such that fci > to and &i is a multiple of feo ; so that k\P is a Cartier 
divisor and 

tf°(Y, Oy(/x*(A;imP))) ~ H°(Y, Y {p*{kimP) + r A_ n )) 

for every m G N. Let us consider, for every /c G &iN, the following commutative 
diagram: 

OxWikP) + r A_^)) #°(T, O t ( m *(A:P)| t + r A„^ |T )) 

ik 

H*{X',Ox>{n\kP))) ^ >H°(T,0 T (n*(kP)\ T )) 

where the vertical arrow on the left is an isomorphism thanks to the choice of k\. 
Note that ik is injective for every k G k±N because r A_ n | T is effective: 
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In fact r A_ n is effective and Supp( r A_ n ) = Supp(A_) = UZ m does not contain 
any component of T. 

Let us prove that /3k is surjective for every k G k{N. In particular we prove that 
H 1 (X f , Ox 1 (m* (kP) + r A_ n — T)) = 0: 

Note that fi*(kP) — {Kx 1 + A) is ample, thanks to the choice of k%, and {fi*(kP) — 
(Kx r + A)} = {—A} is SNCS. Then, by Kawamata-Viehweg vanishing theorem (see 
|Laz041 9.1.20]), we get that H\X', O x ,{^*{kP) + r -A n )) = 0. 
But r -A n = r A_ n - T. Then H l (X> ' ,O x >{fi*{kP) + r A_ n - T)) = 0, as required. 

By the commutativity of the diagram, the surjectivity of implies that if. is sur- 
jective, that is ifc is an isomorphism. Thus is also surjective for every k G k±N. 
But /x*(P)| T is semiample, whence there exists k 2 £ k\N such that fj,*(k2P)\ T is base 
point free. 

Then the surjectivity of a k2 implies that Bs(fi*(k 2 P))nT = 0. Therefore B(/z*(P))n 
Nklt(X', A) = 0. □ 

Corollary 5.3. Let (X, A) 6e a pair such that A is effective. 
Let D G Dwq{X) be such that 

(1) D is big; 

(2) aD - (K x + A) is nef for some a G Q; 

(3) There exists a projective birational morphism f : Z — > X such that f*(D) = 
P + N is a Q-CKM Zariski decomposition and 

• (Z, A(A)z — aN) is an LC pair; 

• B + (/*(D)) does not contain any LC center of the pair (Z, A(A)z-aN); 

• Nklt(Z, A(A)z — aN) = 0, or P\ is semiample. 

'Nklt(Z,A(A) z -aN) 

Then P is semiample. 

We remark that if a > the LCness of the pair (Z, A(A)z — aN) holds if we suppose 
that (X, A) is an LC pair. 



Proof. Let us apply lemma 2.6 and consider to, D' , P' , N' , Az as in the lemma, so 



that t P' - (K z + A z - N') is big and nef. 

Note that B+(P') = B + (P) = !+(/*(£))). Hence we can apply lemma O to the 
big and nef Q-divisor P' and to the pair (Z, Az — N') = (Z, A(A)z — aN) and we 
find a Cartier divisor T and a rational number A > such that P' — XT is ample, 
{Z,A Z -N' + XT) is LC and CLC(Z, A z - N' + AT) = CLC(Z, A z - N'). 
Furthermore, we can choose T generically in its linear series and we have that 
Ps(|r|) = B + (P'). Then, by Bertini's theorem, we can suppose that, outside 
B_|_(P'), r is smooth and it intersects Az — N' in a simple normal crossing way. 
Let us put B = A z - N' + Ar. We will show that the pair [Z, B) and the Q-Cartier 



divisor P' satisfy the hypotheses of theorem 5.2 

First of all we have that (t + l)P' - (K z + B) = (P' - XT) + (t P' - (K z + A z - N')) 
is ample, so that property 2 holds. 

By the LCness of the pair (Z, B) we get that all the coefficients of B are less than 
or equal to 1 and property 5 holds. Moreover property 1 is trivially verified and 
property 3 follows by the definition of Q-CKM Zariski decomposition because Az 
is effective. 
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In order to prove that property 4 holds we will show that Nklt(Z, B) C Nklt(Z, Az— 
N') = Nklt(Z, A(A)z — aN), so that we can use the hypothesis of the corollary: 
By the choice of T we have that CLC(Z, A z - N') = CLC(Z, B) and NSNC(B) C 
NSNC(A Z - N')UM + (P'). 

Then, if V £ CLC(Z,B) and V C Sing(Z) U NSNC(B), we get that V £ 
CLC(Z, A z - N') and V C Sing(Z) U NSNC{A Z - N') U B + (P'). This implies 
that V C Sing(Z) U NSNC(A Z - N'). Hence V C Nklt(Z, A z - N'), and we get 
the required inclusion. Therefore we can apply theorem |5.2[ □ 



Theorem 5.4. Le£ (X, A) be an LC pair, with dimX > 2. Suppose that P £ 
DivQ(X) and we can write A = A + — A_, where A + and A_ are effective Q- 
divisors, and the following are satisfied: 

(1) P is nef; 

(2) t P - (K x + A) is nef for some t £ Q+; 

There exists ko £ N suc/i i/iai ^qP is a Cartier divisor and for all m £ N we 
/ia?;e 

P°(X, O x (mk P)) ~ PT°(X, O x (mk P + r A_^)); 
(^J Nklt 2 (X,A) = 0, or P^^^^^, is semiample. 

(5) P is logbig in codimension 1 for the pair (X, A), ort$P— {Kx + A) is logbig 
in codimension 1 for the pair (X, A) 

Then P is semiample. 



Proof. Let 
L = 



P if P is logbig in codimension 1 for the pair (X, A) 

toP — (Kx + A) otherwise 

Then L is nef and logbig in codimension 1 for the pair (X, A), so that B+(L) does 
not contain any divisorial LC center of the pair (X, A), because given a prime divisor 
E on X, P\ E is big if and only if B + (P) 2 E (see |Laz04l 10.3.6]). 
By [ELMNP06, Prop. 1.5] there exists H £ Divq(X) ample and there exists mo £ N 
such that 

B+(L) = B(L -H) = Bs(\m (L - H)\). 

Hence, we can choose a general divisor T in \mo(L — H)\ such that Supp(r) does 
not contain any divisorial LC center of (X, A). Note that we have 

L — XT ~q (1 — Xmo)L + XmoH 

is ample if A £ (0, ^]. because L is nef and H is ample. 

Now, for every A £ (0, — ], let us define A^ = A + Ar. We will prove that there 
exists Ao £ Q + such that if A £ Q n (0, Ao), then P and the pair (X, A\) satisfy the 
hypotheses of the theorem |5.2| First of all note that 

(t + l)P-(K x + A x ) = (t + l)P-(K x + A + Xr) = P+(t P-(Kx + A))-Xr = 

L — XT + (toP — (Kx + A)) if P is logbig in codimension 1 
P + (L — XT) otherwise 

is ample in both cases for every A € (0, ^]. Now let us define 

(A A )+ := A + + Ar ; (A A )_:=A_. 
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Then A x = (A x ) + — (Aa)_, and (A>)+ and (A^)_ are effective Q-divisors for every 
A > 0, because T is effective. Moreover note that, with these definitions, hypotheses 
1 and 3 of theorem 5.2 are trivially verified. 

Now take a rational number A' > such that Supp(A) + Supp(T) = Supp(A + Ar) 
for every A G (0, A'), and let \i : X' — > X be a standard log-resolution of the pair 
(X, A + Ar). For every prime divisor E C X' we have that 

a(E, X, A A ) = a(E, X,A + XT) = a(E, X, A) - Aord E (//(r)), 

where a(E, X, A) > — 1 because (X, A) is an LC pair. 

Suppose E is a divisor on X' such that E is not ^-exceptional and a(E, X, A) = —1. 
Then fi(E) is a divisorial LC center of (X, A), so that ord^^T = 0, that is 
ord^( / u*(r)) = 0, which implies a(E, X, A x ) = —1. 
Now define 

l + a{E,X,A) 



Ai := mm < — - — , 1 >. 

ordw.(u*(T))>0 I ordp; (U* (D) ) 



ord E {ii*{r))>o I ord E (n*(r)) 

a(E,X,A)>-l 

Then Ai > and, if A G Q n (0, Ai), we have that a(-E, X, A\) > — 1 for every prime 

divisor E <Z X' such that a(E, X, A) > -1. 

Define 

. f- 2 + q(£,X,A) 

A2 := mm < — - — , 1 >. 

ordEdi* (r))>o I ord s (^*(r)) J 
a(JS,X,A)=-l 

Then A2 > and, if A G Q n (0, A2), we have that a(-B, X, Aa) > —2 for every prime 
divisor E Q X' such that a(E,X,A) = -1. 

We put Ao = min{A', Ai, A2, so that if A G Q D (0, Aq) then (X, A A ) satisfies 



hypothesis 5 of theorem 5.2 
Furthermore we can write 

A x = ^2-a(fi~ l B u X, A X )B U 

where the B^s are distinct prime divisors on X. By definition, for every i, \x~ x Bi 
is not an exceptional divisors, so that, it follows by the previous calculation that 
-oOc^X.Aa) < 1. 

Now let us consider 

A(A)*/= £ -a(E,X,A)E; A(A X ) X , = —a(E, X, A X )E, 

ECX> ECX' 

Thanks to the choice of \i and A we have that they are both SNCS. Let us put 
F:= J2 (-a(E,X,A x )-l)E; 

a(E,X,Ax)<-l 

A:=A(A X ) X ,-F= Yl ~a(E,X,A x )E+ £ E. 

a{E,X,A\)>~L a(E,X,A\)<-l 

Then we have that F is effective, Supp(A) C Supp(A(Aa)x') and all the coefficients 
of A are less than or equal to 1. In particular the pair (X' , A) is LC. 
Moreover, by the previous calculations, we have that F is exceptional, Supp(F) C 
Supp((A(A) x ,) =1 ) and A =1 = (A(A) X ,) =1 - 
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Let us show that Nklt 2 (X,A x ) C Nklt 2 (X,A): 

Let V be an LC center of the pair (X, A\) of codimension greater than one. Then 
V = n{W) for some W G CLC(X, A(Ax)x')- 

If W % Supp(F), then W G CLC(X', A), whence W is an irreducible component 
of a finite intersection of prime divisors in the support of A =1 = (A(A)x') =1 - 
Hence W G CLC(X', A(A) X >), which implies that V = n{W) G CLC(X,A), so 
that V C Nklt 2 (X, A), because the codimension of V is greater than 1. 
If W C Supp(F) then there exists a prime divisor Fq C Supp(F) such that W C Fo. 
Then F C Supp(F) C Supp((A(A) x ,) =1 ). Hence F G CLC(X', A(A) X '), so that 
fJ-(Fo) G CLC(X, A). Moreover codimfi(Fo) > 2, because Fo is exceptional. Thus 

y = ^(W) C M (F Q ) C Nklt 2 (X, A). 

This shows that NMt(X,A x ) C NMt 2 (X,A x ) C Nklt 2 (X,A), which implies, by 
the hypotheses, that Nklt(X, A\) = or ^-— ( ^ semiample. 



Therefore all the hypotheses of theorem 5.2 are satisfied and we get the semiample- 



ness of P. □ 

Corollary 5.5. Zei (X, A) 6e a pair wii/i A effective and dimX > 2 anrf /ei a G Q. 
Lei Z) G Dwq(X) be such that: 

(1) D is big 

(2) aD - (K x + A) is nef; 

(3) There exists a projective birational morphism f : Z — )• X such that 

f*(D) = P + N 

is a Q-CKM Zariski decomposition and 

• (Z, A(A)z — aN) is an LC pair; 

• B+(/*(Z))) does not contain divisorial LC centers of the pair (Z, A(A)^— 
aN); 

• Nklt 2 (Z,A(A) z - aN) = 0, or P\ Nklt2{z ^ {A)z _ aN) is semiample; 
Then P is semiample. 

Note that in the case a > we can just assume that the pair (X, A) is LC in order 
to have the LCness of the pair (Z, A(A)z — aN). 



Proof. Thanks to lemma |2.6| the corollary follows by applying theorem 5.4 to the 



Q-Cartier divisor P' and to the pair (Z, A(A) Z - aN). □ 

Corollary 5.6. Let (X, A) be a pair such that A is effective and dimX < 3, let 
a G Q. Let D G Dwq(X) be such that 

(1) D is big; 

(2) aD - (K x + A) is nef; 

(3) There exists a projective birational morphism f : Z —> X such that f*(D) = 
P + N is a Q-CKM Zariski decomposition and 

• (X, A) is an LC pair and a > (resp. (Z, A(A) z — aN) is an LC pair); 

• P is logbig for the pair (Z, A(A)z) (resp. P is logbig for the pair 
(Z,A(A) z -aN)). 

Then P is semiample. 

Proof. Begin by noting that if dimX < 1 then the theorem is trivial because every 
big divisor on a curve is ample. We can thus assume that 2 < dimX < 3. 
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Note also that if a > and (X, A) is LC then (Z,A(A) Z - aN) is LC and 
CLC(Z, A(A) Z - aN) C C LC (Z , A(A) z ) . Thus we can assume that P is logbig 
for the LC pair (Z, A(A) Z - aN). 

Hence we get that B + (P) does not contain divisorial LC centers of the pair (Z, A(A) Z - 
aN) (see |Laz041 10.3.6]), so that the same holds for B + (/*(£>)). 



Then, in order to apply corollary 5.5 , it just remains to show that P\ Nklt , z A(A) _ aN) 
is semiample if Nklt 2 (Z, A(A) z - aN) ^ 0. 

Let C be a connected component of Nklt^Z, A(A) Z — aN). Then, by hypothesis, 
we have that < dimC < 1. 

If dimC = then Pu is trivially semiample. If dimC = 1 then we can write 
C = Uj =1 Cj, where the Cj-'s are irreducible curves. 

Then we have that Cj £ CLC(Z,A(A) Z - aN) for every j £ {1, . . . , k}, so that 
Pi is big, because P is logbig for the pair (Z, A(A) Z — aN). 

But, as Cj is an irreducible curve, this implies that P\ c is ample for every j = 

{1, . . . , k}. Hence Pi c is ample, so that in particular it is semiample. □ 



5.1. Dimension 4. In this subsection we show in theorem 5.7 that Conjecture 2 
holds if we assume some strong standard conjectures in the field of the Minimal 
Model Program. By using that these conjectures hold true in low dimension we 



obtain Conjecture 2 in dimension less than or equal to 4 (cf. corollary 5.8). 
Before stating the theorems let us fix some notation and definitions: 

• We say that a pair (X, A) is of log-general type if Kx + A G Dwq(X) is big; 

• We refer to |KM00l definition 3.50] for the definition of minimal model of a 
DLT pair. 



We refer to |Fuj00 Definition 1.1] for the definition of semi log canonical (or 



sLC) n-fold: 

• We say that sLC-abundance holds in dimension n if for every sLC ra-fold 
(X, A) such that Kx + A is nef we have that Kx + A is semiample. 

Theorem 5.7. Let (X, A) be an effective LC pair of dimension n. Let D £ Dwq(X) 
be such that 

(1) D is big; 

(2) aD — {Kx + A) is nef for some rational number a > 0; 

(3) D admits a Q-CKM Zariski decomposition D = P + N ; 

(4) B+(L>) does not contain any LC center of the pair (X, A); 

Also suppose that minimal models exist for every Q-factorial DLT pair of dimension 
n of log-general type and that sLC-abundance holds in dimension n — 1. 
Then P is semiample. 



Proof. Note that B + (P) = B + (D). Then we can apply lemma 2.3 to P and we 

find a Cartier divisor T and a rational number A > such that P — Ar is ample, 

(X, A + Ar) is LC and CLC(X, A) = CLC(X, A + Ar). 

Then aD + P - (K x + A + Ar) = (aD - (K x + A)) + (P - Ar) is ample. 

Thus if D' = aD + P, then D' is big and D' admits a Q-CKM Zariski decomposition 

D' = P' + N', where P' := (a + l)P and N' := aN. Furthermore D'-(K X + A + XT) 

is ample, P is semiample if and only if P' is such and B + (D) = B + (D 1 ). 

This implies that, if we replace D by D' and A by A + Ar, we can suppose that 

D — (Kx + A) is ample. 
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Hence by [KMOO, lemma 5.17] there exists an effective ample Q-Cartier Q-divisor 
H such that 

D-(K X + A) ~ Q H, 

and (X, A + H) is an LC pair. 

In other words, if we put Ao := A + H, then D ~q Kx + Ao and (X, Aq) is an LC 
pair. 

Therefore, we are reduced to show that if Kx + A = P + iVisa Q-CKM Zariski 
decomposition, Kx + A is big and (X, A) is LC, then P is semiample. Moreover up 
to performing a DLT blow-up (see |Fuj09b[ theorem 10.4]) we can suppose that X 
is Q-factorial and the pair (X, A) is DLT. 

Then by hypothesis we have a minimal model (X' , A') of the pair (X, A), so that 
there exists <f> : X —-> X' a birational map, A' = </>*(A), K x > + A' is nef and {X' , A') 
is LC. If we resolve the indeterminacies of <ft we find two birational morphisms 
/ : Z — > X and g : Z — > Y such that 

f*(K x + A) = g*(K x , + A') + E, 

where E is g-exceptional and effective. 

Hence, by Fujita's lemma this is a Q-CKM Zariski decomposition of f*{K x -\-A). By 
the uniqueness of the Q-CKM Zariski decomposition for big divisors this implies that 
f*(P) = g*(Kx> + A'). Thus we are reduced to prove that Kx> + A' is semiample. 
Note that we can assume that the pair (X', A') is DLT by performing again a DLT 
blow-up if necessary. 

Let V = Nklt(X', A'). Then there exists a Q-divisor A' v on V such that 

{K x > + A') w = K v + A'y 



and (V, A' v ) is an sLC (n — l)-fold (see for example [FujOO, Remark 1.2(3)]). 



Hence by sLC-abundance we have that (K x > + A'\ v = Ky + Ay is semiample. 
Moreover for every sufficiently divisible m > 2 we have that 

H\X' ,I v (m(K x , + A'))) = 

by Nadel vanishing (see |Laz044 theorem 9.4.17]), because K X ' + A' is big and nef. 
Therefore we can lift sections and we find that M(K X > + A') n Nklt(X', A') = 0. 



Thus K X i + A' is semiample (see for example theorem 3.2) and we are done. □ 



Corollary 5.8. Let (X, A) be an LC pair of dimension less than or equal to 4. If 
D £ Dwq(X) is such that 

(1) D is big; 

(2) aD — {Kx + A) is nef for some rational number a > 0; 

(3) D admits a Q-CKM Zariski decomposition D = P + N; 

(4) B + (L>) does not contain any LC center of the pair (X, A); 

Then P is semiample. 



Proof. sLC-abundance in dimension 3 holds by jFujOO theorem 0.1], while every 



DLT Q-factorial pair of dimension 4 of log-general type has a minimal model by 



[AHKOTJ corollary 3.6]. Hence we can apply theorem 5.7 and we are done. □ 



6. Relatively DLT case 



6.1. Relatively DLT pairs. 
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Definition 6.1. Let (X, A) be a pair, with A = ^ aj-Dj, where the D^s are distinct 
prime divisors and aj G Q for every i. Suppose S C X is a closed subset. 
We say that (X, A) is a S-DLT pair if 

(1) V ^ Sing(X) U iVSiVC(A) for every V G CLC(X, A, S); 

(2) aj < 1 for every i such that D^D S ^ 0; 

Now let D G Div Q {X). We say that (X, A) is a D-DLT pair if (X, A) is a JB(D)-DLT 
pair. 

Remark 6.2. Let S C X be a closed subset. Then it is immediate to see that a 
S-KLT pair is S-DLT. Moreover by [Sza95] a DLT pair is S-DLT. 

Lemma 6.3. Let (X, A) be a pair and let D G Dwq(X). Suppose m G N is such 
that mD is a Cartier divisor and, set-theoretically, Bs(\mD\) = M(D). 
If (X, A) is a D-DLT pair and M(D) does not contain any LC center of the pair 
(X,A), then there exists a common log-resolution of (X, A) and of the linear series 
\mD\, say [i :Y — > X , such that 

(1) a(E,X,A) > —1 for every fi- exceptional prime divisor E C Y such that 
/i(£)nl(D)^; 

(2) a(E, X, A) > — 1 for every non-/i- exceptional prime divisor E C Y such that 
H{E) n B(£>) / 0; 

(3) jj, is a composition of blowings-up of smooth subvarieties of codimension 
greater than 1 

Proof. Fix m G N as in the hypothesis and consider \x : Y — > X a log-resolution of 
(X, A) and |mD| such that 

• /u is an isomorphism onF\ {jL~ 1 (Bs(\mD\) U Sing(X) U NSNC(A)); 

• /i is a composition of blowings-up of smooth subvarieties of codimension 
greater than 1, up to isomorphisms. 

The existence of such a resolution follows from the existence of standard log-resolutions 
of pairs and ideals (see remark 2.2). 

It is easy to see that // satisfies all the given conditions. □ 
In the following lemmas we prove some good properties of S-DLT pairs: 

Lemma 6.4. Let (X, A) be a pair and let S C X be a closed subset. 
If(X,A) is a S-DLT pair, then CLC(X, A,S) is a finite set. 

Proof. Write A = ^Oj-Dj, where the a^s are rational numbers and the D^s are 
distinct prime divisors on X. Let n : Y — > X be a standard log-resolution of the 
pair (X, A). 

If E C Y is a ^-exceptional prime divisor, then fi(E) C Sing(X) U N SNC(A), so 
that, by hypothesis //(£) A, S). Thus, if n(E)nS / 0, then a(£, X, A) > 

— 1. Now define 

A Y :=-J2a(E,X,A)E = -J2a(^HDi),X,A)^ 1 (D i )- £ a(E,X,A)E, 

E exc. 

so that for every V G CLC(X, A, S) we have that F = where Z G CLC(Y, Ay) 

is such that n(Z) D S / 0. 

But, if Z is such, then //(Z) £ M-^O f° r au P rim e divisor E on y such that n(E)nS = 
0, so that Z £ £ if n S = 0. 
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Now, if F is a prime divisor on a normal variety Y' such that h : Y' — > Y is birational 
and h(F) = Z, then 

a(F,Y,A Y ) = a(F,Y,-Y,a(^ 1 (D l ),X,A)^ 1 (D i )- £ a(£,X,A)£) = 

£ exc. 

= a(F,y,- a( f i:\D i ),X,A) l i: 1 (D i )- £ a(£,X,A)£) + 

AnS^O E exc. 

+ a(£,X,A)ord F (/i*(E)). 
^(£)n5=0 

But, if ^(£) n S = 0, then we have seen that Z = h(F) £ E, that is ord z (E) = 0, 
so that ordF(h*(E)) = 0. Thus if we define 

A'y.= - ^(A^AK^A- a(£,X,A)£7, 



DiHSy^® E exc. 



then 

o(F,y,Ay) = o(F,y,- J] a(^ 1 (D t ),X,A)^ 1 D i - £ a(£,X,A)£) = 

Din5^0 £ exc. 

M#)nS^0 

= a(F,y,A y ). 

Hence Z 6 CLC(y, Ay), so that V is the image of an element in CLC(y, A y ). 
But (y, Ay) is an LC pair: 

In fact, by S-DLTness of (X,A), we have that -a( / u^ 1 (A), ^, A) = a, < 1 if 
D{ fl S / and, on the other hand, we have proved that if E is /U-exceptional and 
fi(E) n S 1 / 0, then a(E, X, A) > -1. 

Therefore CLC(Y, A' Y ) is finite, so that CLC(X,A,S) is finite as well, because 
every element in CLC(X, A, S) is the image of an element in CLC(Y, Ay). □ 

Lemma 6.5. Let (X, A) 6e a pair, let S C X be a closed subset and let A' G 
Divq(X) be an effective divisor. 

If (X,A)is S-DLT and, Supp(A') 2 V, for every V G CLC(X, A,S) , then there 
exists a rational number Xq > such that for every A G Q n [0, Ao], we have that 
(X, A + AA) is S-DLT and CLC(X, A + A A', S) = CLC(X, A, S). 

Proof. Let us write 

A = ^OiA, A' = J2biDi, 

where the A's are distinct prime divisors on X, the a^s and the fej's are (possibly 
zero) rational numbers. In particular, as A' is effective, b\ > for all i. Hence, for 
every A > 0, 

A + A A' = Y( a i + A6i)A- 

Now let jjL : Y — > X be a standard log-resolution of the pair (X, Supp(A)+Supp(A')). 
Define, for every A > 0, 

Aa := A(A + AA')y = - ^ a (A X > A + AA')£, 

ECY 
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so that, the LC centers of (X, A + AA') are the images of the LC centers of the pair 
(Y, Ax). We have that 

A x = -Y, a(E,X,A)E + »*(\A'), 

ECY 

so that, for every prime divisor E C Y, we get 

a(E,X,A + AA') = a{E,X,A) - A ord B (/x*(A')). 

Claim 1 There exists A' G Q(~l (0, 1] suc/i i/iaf /or every rational number A G [0, A') 
we /icwe f/ie following: 

If E CY is a prime divisor such that n(E) i/ien 
(X> a(£,X,A) > -1; 

^ • a(£, X, A) > -1 => a(£, X, A + AA') > -1; 
• a(£, X, A) = -1 =► a(E, X,A + AA') = -1. 
Proof of claim 1 . 

1) If E C V is a //-exceptional prime divisor and //(£?) n 5 / 0, then, by choice 
of n, n(E) C Sing(X) U JVSJVC(Supp(A) + Supp(A')) C Sing(X) U NSNC(A) U 
Supp(A'). If, by contradiction a(E,X, A) < -1, then //(£) G CLC(X,A,S). 

By S'-DLTness of (X, A) this implies that //(£) £ Sing(X) U XSXC(A). But 
/J>(E) <2 Supp(A') by hypothesis, so that we find a contradiction. 
On the other hand if E C V is a prime divisor, it is not /^-exceptional and fi(E)DS ^ 
0, then E = ^~ l (Di) for some prime divisor Di on X such that -Dj D S 7^ 0. Then, 
as (X, A) is S-DLT, we have that a(E, X, A) = -a; > -1. 

2) Let i = {£ C 7 : £ is a prime divisor, a(£,X,A) > -1, n(E) n S / 
0, ord £ /i*(A') 

Then we put 

[l ifA = 

Let E be a prime divisor on Y such that /x(-E') n S 7^ and a(£', X, A) > —1. If 
< A < A', then a(E, X,A + AA') = a(E, X, A) - Aord^*(A') > -1. 

Now suppose E C F is a prime divisor such that /j,(E)nS 7^ and a(£', X, A) = —1. 
Then n(E) G CLC(X,A,S). Hence Supp(A') 2 M- 67 ). that is ord s (/i*(A')) = 0. 
Thus, for every A > 0, a(E, X,A + AA') = a(E, X, A) = — 1. This proves claim 1. 
Claim 2 For every A G Q n [0, A') ; wje have that 

CLC(X, A + AA', S) C CLC(X, A, 5). 

If the claim holds, then CLC{X, A + AA', 5) = CLC(X, A, 5) for every A G Q n 
[0, A'), because CLC(X, A + AA', S) D CLC(X, A, S) by the effectivity of A'. 

Moreover we can deduce the S'-DLTness of (X, A + AA'), for A G Q n [0, A'): 
Property 1 holds because if V G CLC(X, A + AA',5), then V G CLC(X, A, S). 
Then, by the hypotheses, V % Sing(X) U NSNC(A) U Supp(A'), so that V £ 
Sing(X) U NSNC(A + AA'). 

Now suppose DiDS^ 0. Then ch + Xbi = -a( / u~ 1 (A), X, A + AA') < 1, thanks to 
claim 1. Thus property 2 is satisfied for A G Q n [0, A'). 
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The lemma follows by choosing Aq G Q such that < Aq < min{^, A'}. 



Proof of claim 2. If V G CLC(X, A + AA',5), then V = fi(W), for some W G 
CLC(Y, A A ), and /z(W) n 5 ^ 0. 

Hence, if E C K is a prime divisor such that /i(-E) D S = 0, then W % E, that is 
ordw(E) = 0. This implies that, for every prime divisor F over W, for every x G Q, 

a(F,y,A A + x J E) = a(F,y,A A ). 

Therefore, if we define 

A^:=- ^ a(E,X,A + XA')E, 

we get that 

W € CLC{Y,A X + a{E,X,A + XA')E) = 

Ai(£)nS=0 

= CLC{Y,- a(E,X,A + XA')E) = CLC(Y,A/ X ). 

Note that the pair (1", A^) is LC by claim 1 and all the LC centers of this pair are 

irreducible components of intersections of prime divisors in the support of (A^) =1 . 
But, again by claim 1, we get that 

Supp((A 7 A )= 1 ) C Supp(( - 5>(£,X, A)E) =1 ) = Supp((A ) =1 ). 

Hence W G CLC(Y, (A ) =1 ). Moreover, as Ao is SNCS, W G CLC(Y, A ). 

This implies that V = ft{w) G CLC(X, A, S). □ 



The following lemma is an improvement of lemma 2.3 



Lemma 6.6. Let (X, A) be a pair and let S C X be a closed subset such that (X, A) 
is an S-DLT pair. Suppose L G Dwq{X) is big and nef andM + (L) does not contain 
any element in CLC(X, A, S). 

Then there exists an effective C artier divisor T on X , and a rational number Xq > 
such that Bs(\T\) = B+(L) and for each A G Q D (0, Ao], we have that 

(1) L — Ar G Divq(X) and is ample; 

(2) CLC(X, A + Ar, S) = CLC(X, A, S); 

(3) (X, A + Ar) is an S-DLT pair. 

Proof. By jELMNP06j Prop. 1.5] there exists H, an ample Q-divisor on X, and 
mo G N such that 

B+(L) = B(L -H) = Bs(\m (L - H)\). 

Let r G \mo(L — H)\ be a general divisor, so that Ss(|r|) = B+(L). For all 
A G Q n (0, 1], we have that 

L — XT ~q (1 — Amo)£ + Xm^H 

is ample if A < ^- because L is nef and H is ample. 



As CLC(X, A, S) is a finite set by lemma 6.4 and as, by hypothesis, Bs(|r|) = 
B_|_(L) does not contain any element in CLC(X, A, 5), we can choose T such that 
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Supp(r) does not contain any element of CLC(X, A, S), as well. Thus the lemma 
follows by lemma [oT5j □ 



Lemma 6.7. Let (X, A) be a pair, let S C X be a closed subset and let N € 
Dwq(X) be effective. 

If (X, A) is S-DLT, then (X, A - N) is also S-DLT. 

Proof. Trivially, (X, A — N) satisfies the property 2, because iV is effective. 
Let us prove that (X, A — N) satisfies the property 1: 

Suppose there exists V G CLC(X, A — N, S). Then, by hypothesis, V % Sing(X) U 
NSNC(A). 

In order to prove the property 1 we have to show that V % NSNC(A — N): 

Claim There exists a proper birational morphism f : Y — >• X , and an irreducible 
divisor FonY such that f(F) = V and 

a(F, X, A) = a(F, X, A — N) = -1. 



If the claim holds, then, as usual, we have that 

a{F, X, A) = a(F, X, A - N) - ovd F {f (AO)- 

Then, by the claim, ord F (/*(iV)) = 0, so that V = f(F) % Supp(iV). 
Hence V % Supp(iV) U NSNC(A). As NSNC(A - N) C Supp(AT) U NSNC(A), 
we get that V % NSNC(A — N), so that property 1 holds. Thus the lemma will be 
proved once we prove the claim. 

Proof of the claim. Let fx : X' — > X be a standard log-resolution of the pair 
(X,Supp(A)). 

Let E\, . . . , Ek be prime divisors on X' such that, for all j £ {1, . . . , k}, we have 

a(Ej,X, A) / and fi(Ej) 5 V. 

Note that the set of the prime divisors on X' with this properties is nonempty 
because V G CLC(X, A). Suppose, furthermore, that Ei , . . . , Ek are the only prime 
divisors on X' with both these properties. 

Now suppose there exists j G {1, . . . , k} such that Ej is ^-exceptional. 
Then, by definition of standard log-resolution, 

n{Ej) C Sing(X) U NSNC{A) =$> V C Sing(X) U NSNC{A). 

Thus, all the Ej are non //-exceptional. Moreover, as V D S ^ 0, we have that 
p{Ej) n S ^ for all j = 1, . . . , jfe. Then 

a(Ej,X, A) > — 1 Vj = l,...k, 

thanks to the S"-DLTness of (X, A). 

Let v : X" — > X' be a proper birational morphism such that there exists a prime 
divisor F C X" such that n{v(F)) = V and a(F, X, A - N) < -1. We can suppose 
that X" is smooth and that the divisor v~ 1 [i~ l A + zv~ 1 exc(/x) + exc(z^) is SNCS. As 
usual, we find that 

a{F, X, A) = a(F, X' , - ^ a(E, X, A)E) = 
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k 

= a(F,X',-J2 a ( E 3, X i A ) E j)+ Yl a{E,X,A)ord F v*(E). 

3=1 E^E 3 

But, if E C X' is a prime divisor such that E ^ Ej for all j = {1, . . . , k}, then, 
either a(E,X,A) = 0, or ordpz/* (i£) = 0, because of the choice of the Ej's. This 
shows that 

k 

a(F, X, A) = a(F, X' , - £ X, A)Ej). 

3=1 

But (X 7 , — X]j=i a {Ej-,X, A)Ej) is an LC pair, because the divisor — Ylj=i a {Ej->X, A)Ej 

is SNCS and we have seen that a(Ej,X, A) > —1 for all j G {1, . . . , k}. 

Therefore 

k 

-1 > a(F, X,A — N) > a(F,X,A) = a(F, X', — ^ a(Ej,X, A)Ej) > -1, 

j=i 

so that a(F, X, A — N) = a(F,X,A) = —1, and the claim is proved by putting 
/ := /mo v and Y := X" . □ 

6.2. Main theorems. 

Theorem 6.8. Let X be a normal projective variety and let A be an effective Weil 
Q-divisor. If D is a Weil Q-divisor such that 

(1) D admits a Q-CKM Zariski decomposition D = P + N ; 

(2) (X, A - aN) is a P-DLT pair; 

(3) There exist two rational numbers to and a, with a > such that 

t P - (K x + A - aN) 

is ample; 

(4) For every V E CLC(X, A - aN) we have that V % B(P); 
then P is semiample. 

Proof. We define A := aN — A. Then 

t P + A - K x = toP -(K x + A- aN) 

is ample. 

Now if (X, —A) is KLT then k(X, P) > by Shokurov's nonvanishing theorem (see 
jKMOOl theorem 3.4]). 

If (X, -A) is not KLT then CLC(X, -A) ^ 0, so that, B(P) / X, because of 4. 
Hence, again, k(X,P) > 0. 
Then, if we denote 

N(P) = {m G N such that mP G Div(X) and H°(X, O x (mP)) / 0}, 

we have that N(P) ^ 0. Take mi G N such that m\P is a Cartier divisor and 
Ps(|miP|) = B(P), as closed sets. 

We suppose, by contradiction, that B(P) 7^ 0. We will find m G N(P) and a 
subvariety F C X such that, set-theoretically, V C Bs(|miP|) = B(P) but V g 
Ps(|mP|), leading, in such a way, to a contradiction. 

Let {Dj}j =1 be the finite set of the prime divisors appearing in the support of A or 

as base components of |miP|. We write A = Ylj=i a j^ > ji w here the dj are possibly 
zero rational numbers. 
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Now, as (X, —A) is P-DLT and B(P) does not contain LC centers of the pair (X, A- 



aN), we can apply lemma 6.3, so that we find // : Y — >• X, a log-resolution of the 
pair (X, — .A) and of the linear series |miP| such that: 

• fj, is a composition of blowings-up of smooth subvarieties of codimension 
greater than 1. 

• a(E,X, —A) > — 1 for every /Lt-exceptional prime divisor E C Y such that 
/i(E)nB(P)/0; 

• a(E, X, — A) > —1 for every non-/i-exceptional prime divisor E C V such 
that ^(P) n B(P) / 0; 

Let {Fj = Dj}j =l be the finite set of the strict transforms of the divisors Dj and let 
{Fj = Ej} l j =k+1 be the finite set of the /i-exceptional prime divisors on Y, so that 
Y?j=i F j is a SNC divisor. We can write 

i 

Ky = f j*(K x -A)+^bjF j , 

3=1 

where bj = a(Fj,X, —A) for every j = 1, . . . , I. 

Moreover we can consider an integral base point free divisor L and coefficients 
rj S N U {0} such that n*(miP) = L + £ rjFj and /i*|miP| = \L\+J2 r j F j- 
Hence we have that Bs(\miP\) = M(U rj ^o^j')' so * na ^ we can suppose > for 
some j because Bs(\m\P\) ^ 0. 

Moreover if rj ^ 0, then fJ>(Fj) C Ps(|miP|) = B(P), which implies that bj > —I, 
as, by hypothesis, B(P) does not contain any LC center of the pair (X, — A). 
Now, as t^P+A — Kx is ample and ^ is a composition of blowings-up of smooth sub- 
varieties of codimension greater than 1, there exist, for all j = fe + 1, I, arbitrarily 
small, rational numbers Sj > 0, such that 

I 

fi*(t P + A-K x )- Yl 6 3 F J 
j=k+l 

is still ample. 

Thanks to the openness of the ample cone there exist also, for each j = l,...,k, 
positive rational numbers 5j such that if < Sj < 5j then 

k I 

lf{t Q P + A-K x )-Y, 5, 3 F i- E 6 i F i 

3=1 j=k+l 

is ample. 
Now we define 

bj + 1 - 5j 

c = mm — . 

{3-r^o} rj 

By choosing the 5j's small enough we can suppose that bj + 1 — 5j > for all j such 
that bj > —1. Hence c > because bj > — 1 for every j such that rj ^ 0. 
Moreover, perturbing slightly the <5j's if necessary, we can suppose that the minimum 
is attained on a unique j, say j = jo. Let B := Fj . Now we define 

• Ji = {j E {1, . . . , k] such that bj > —1}, 

• J 2 = {j G {1, . . . , k] such that bj = -1 and Dj n B(P) / 0}, 

• J 3 = {/c + l,...,/}, 

• J 4 = {j e {1, . . . , k} such that bj < -1 and Dj n B(P) = 0}. 
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Note that J1IIJ2IIJ3IIJ4 = {1, . . . , /}, because, by choice of /x, bj > — 1 if 1 < j < k 
and Dj n B(P) 7^ 0. Moreover j G Ji H J 3 as 6 > -1, being r / 0. 
Now let s := to + cm\, and let 

B m := M *((m - cmi)P + A - tfjr) - ^ ^P,, 

Then, if < 8j < Sj for each j £ {1, . . . , k} = J\ II J2 II J4, we have that for every 
integer m> s 

k I 

B m - ^F j = ^((m-cm 1 )P + A-K x )-^25' J F j - ^ SjFj 

J1HJ2UJ4 i=i j=k+i 

is ample, because m — cm\ > to and /i* (P) is nef. 

Let us consider now, for each j £ J2, rational, arbitrarily small numbers 6j > 0, and 
define 

A' := £ {-crj + b 3 - 5 3 )F 3 , A" := A' + £ ( Cj + ^)P,, 
i^io J6J2 
As rj = if bj < — 1 we get that 

A"= (-cri + fei-^)Pi + E(- 1 + e i) F i- 

(JiHJ 3 UJ 4 )\{jo} ^2 

Now we define, for every m G N(P), the divisor 

Q m := //(mP) +A" — B — K Y . 

Then 

Q m := fj,*(mP) + A' — B — Ky + (A" - A') = 
= ^(mP) + Y (" cr i + 6 i " s i) F j ~ F io ~ Yl h i F i ~ l J *^ Kx ~ A ^> + ( A " ~ = 

= /i*((m- cmi)P + A- K x ) - ^ SjFj + cL + ^ eyPj = 

J1HJ3UJ4 J 2 

= P m - ^P, + cL + £ e.P,, 
J1UJ4 J 2 

Let r«2 = min{m £ N(P) such that m > s}. Then P m2 — ^2j lU j 4 5jFj is ample, so 
that Qm 2 is also ample if the ej are small enough because L is nef. Hence Q m is 
ample for every m G N(P) such that m > s. 

Thus, by Kawamata-Viehweg vanishing theorem (see |Laz041 Cor. 9.1.20]), we find 
that H X {Y, Oy(^*(mP) + r A"^ - B)) = if m > s and m G N(P). 
This implies that the restriction homomorphism 

H°(Y, Oy(/i*(mP) + -> P°(P, B (/i>?) + 

is surjective in this case. 

Now we notice that {i*(rri2P)\ B + — -K# = Qm 2 \ B is an ample Q-divisor. 
Moreover A" b is SNCS because A" is such and P intersects transversally all the Pj's 
with j / j . 

Hence it suffices to verify that all the coefficients of A" b are greater than — 1 to show 
that the pair (P, -A'!) is KLT: 

Note that if j e J 4 , then ^(P,) n B(P) = P, n B(P) = 0, so that y,{Fj) n /x(P) = 0, 
as /z(P) C B(P). This implies that B D Fj = 0, that is P,-, = 0. 
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Moreover if j £ J3 and bj < — 1, then fi(Fj) flB(P) = 0, because of the properties 

of [A, so that, as before, we obtain again that Fj, = 0. 

Thus 

A \ B = E (-^ + 6 i " s i) F i\ B + E^ 1 + e i)^b = 

(JiHJ 3 )\l?o} ^2 

= E (- cr i + J rW] B + E (- cr i + ^--^)^| fl + E(- 1 + e i)^i fl - 

Jl\{j0} J 3 \{j } ^2 

6j>-1 

In particular we can suppose that j G J2 or 6j > —1. But we have that 

• if bj > — 1 and rj = then —crj + 6j — 5j = bj — 5j > —1 (by the choice of 
the Sj's); 

• if bj > —1, rj / and j / jo then —crj + bj — 5j > — b] +1 - r j + bj — 5j = —1. 

• if j € J2 then —1 + ej > —1; 

Therefore the pair (P, — A" b ) is KLT. This enables us to use Shokurov's nonvanishing 
theorem (|KM00, theorem 3.4]), so that for every integer k > we can find S 
N(P), such that fik > w-2 5 MA; > «> Mfc is a multiple of k and 

P°(P,0 B (//(/i fe P) + ^))^O. 

In fact this cohomology group is non zero for every sufficiently large multiple of mi. 
Let k e N be such that k P and k D are integral and H°(X, tk Q P) ~ H°(X, tk D) 
for every t £ N. Let us define m := /Xfc . Then 

P % Bs(\fi*(mP) + r A"^\) and P°(X, O x (mP)) ~ H° (X , O x (mD)) . 

Now let us write r j4" n = — A~ , where A + and A - are effective divisors without 
common components. Note that r A' n = Sj 1 uj 3 uj 4 \{jo} r— cr i + bj — dj^Fj, so that 
if we put Xj := r — crj + 6j — <5j n for every j = 1, we have that 

^ + = E x i F 3> A ~ = ~ E x i F r 

J!UJ3UJ4\{io} JiUJ 3 UJ 4 \{jo} 

Xj>0 £-,■<() 

Note that B % Supp(A+) and B <g Supp(A"), so that in particular B % Bs(\fi*(mP)+ 

Moreover we have that fj, if (A + ) < r aN~ l < mN: 
In fact 

H*( A+ ) = E XjfJ>*(Fj)= x i D r 

JiUJ 3 UJ4\{jo} JiUJ 4 \{jo} 
Xj>0 Xj>0 

But, if j G Ji U J4 then Xj = r —crj + aj — <5j n < r aj n . Hence 

k 

H*(A + ) < ^ r aj n Dj <J2max{0, r aj n }Dj < r aN n 

JlUJ 4 \{j } j=l 

as r aiV n > r A n = YT a P D i and rflAn > °- 

From these inequalities it follows that h°(Y, Oy(/i*(mP) + A + )) < h°(X, O x {mD)). 
But 

H°(X, O x {mD)) ~ P°(X, Cx(mP)) ~ P°(Y, CV(//(mP))) ^> 
^ H {Y,O Y (n*(mP) +A + )), 
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so that Pf°(Y, Y {n*{mP))) ~ H°(Y, Y (^*(mP) + A+)). 

Therefore we see that B <£. Bs(\fx*(mP)\), which implies that n(B) <£. Bs(\mP\), 
giving a contradiction. □ 

Theorem 6.9. Let (X, A) be a pair, with A effective. If D G Dwq(X) is such that 

(1) D is big; 

(2) aD - (K x + A) is nef for some a G Q; 

(3) There exists a projective birational morphism f : Z — )■ X such that f*(D) 
admits a Q-CKM Zariski decomposition f*(D) = P + N and 

• {Z, A(A) Z - aN) is a P-DLT pair; 

• For every V £ CLC(Z, A(A) z -aN, B(P)) we have that V % B + (/*(D)); 
i/ien P is semiample. 



Proof. We apply lemma 2.6 and we consider to, D' , P , N' , Az as in the lemma, 
so that in particular D' = P' + N' is a Q-CKM Zariski decomposition and toP 1 — 
(K z + A z - N') is big and nef. Moreover P' is big and nef, JB+(P') = !+(/*(£))) 
and the pair (Z, A z - JV') = (Z, A(A) z - aN) is P'-DLT. 

Then, by lemma 6.6 there exists an effective Cartier divisor T on Z and a rational 
number A > such that P - Ar is ample, (Z, A z + Ar - N') is P'-DLT and 
CLC(Z, A z + Ar - N') = CLC(Z,A Z - N') = CLC{Z, A(A) Z - aN). 
Thus 

(1 + t )P' - (K z + A Z + XT- N') = P'-\T + t P' - (K z + A z - N') 
is ample, being the sum of an ample and a nef divisor. 

Moreover, as B(P') C B+(P') = B + (/*(£))), we have that B(P') does not contain 
any element in CLC(Z, A z + XT - N',M(P')), so that B(P') does not contain any 
LC center of the pair (Z,A Z + XT- N'). 

Therefore we can apply theorem 6.8 and we get that P is semiample. □ 

Corollary 6.10. Let (X, A) be a pair, with A effective. If D £ Dwq(X) is such 
that 

(1) D is big; 

(2) There exists a projective birational morphism f : Z — )■ X such that f*(D) = 
P + N is a Q-CKM Zariski decomposition and 

• (Z,A(A) Z ) is a f*(D)-DLT pair; 

• For every V £ CLC(Z, A(A) Z ,B(/*(D))) we have that V £ B + (/* (£>)); 
then there exists (3 > such that if 

aD — (Kx + A) is nef for some rational number a > —/3 

then P is semiample. 



Proof. Note that Supp(iV) C B+(/* (£>)). Then by lemma [6\5] we can find f3 > 
such that if > a > -p, then the pair (Z,A(A) Z - aN) is /*(L>)-DLT and 
CLC(Z, A(A) Z - aN,M(f*(D))) = CLC(Z, A(A) Z , M(f*(D))). 



On the other hand if a > then (Z, A(A) z — aN) is a /*(_D)-DLT pair by lemma 6.7 



and CLC(Z,A(A) z -aN,M(f*(D))) C CLC(Z,A(A) z ,M(f*(D))) by effectivity of 
N. 

Thus, as B(P) C M(f*(D)), for every a > -f3 we have that (Z,A(A) Z - aN) is a 
P-DLT pair and B+(/*(P)) does not contain any LC center in CLC(Z,A(A)z — 



aN, B(P)). Therefore we can apply theorem 6.9. □ 
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Remark 6.11. Note that in theorem 6.9 we may change our hypothesis 3 by as- 



suming that there exists a Q-CKM Zariski decomposition f*(D) = P + N such 
that 

• (Z, A(A) Z - aN) is a /*(P)-DLT pair; 

• M + (f*(D)) does not contain any element in CLC(Z,A(A) z -aN,M(f*(D))). 

In fact we have that B(P) C M(f* (D)), so that these assumptions imply hypothesis 
3 of the theorem. 



On the other hand note that in corollary 6.10 we may replace the hypothesis 2 with 



the assumptions that there exists a Q-CKM Zariski decomposition f*(D) = P + N 
such that (Z,A(A)z) is a P-DLT pair and B + (/*(P)) does not contain any LC 
center in CLC(Z, A(A) Z , B(P)). This follows by the proof of the corollary itself. 

Corollary 6.12. Let (X, A) be a weak log Fano pair. Suppose that 

• (X, A) is a -{K x + A) -PIT pair; 

• for every V £ CLC(X, A,M(-(K X + A)) we have thatV % M + (—(K x +A)); 
then —(Kx + A) is semiample. 

7. Alternative hypotheses 



In this section we state a version of corollary 5.3 with more classical "basepoint-free 



type" hypotheses and we show that the proof is very similar. Note that the same 



variation can be stated for proposition |3.1[ theorem 3.4 and corollary 5.5 
Moreover these "basepoint-free type" hypotheses already appeared in corollary |3.3 
and in theorem 14.21 



Corollary 7.1. Let (X, A) be a pair such that A is effective. 
Let D € Dwq(X) be such that 

(1) aD — {Kx + A) is big and nef for some a G Q; 

(2) there exists a projective birational morphism f : Z — )■ X such that f*(D) = 
P + N is a Q-CKM Zariski decomposition and 

• (Z, A(A)z — aN) is an LC pair; 

• M + (f*(aD — (Kx + A))) does not contain any LC center of the pair 
(Z z A(A) z -aN); 

• NkltiZ, A(A) z — clN) = 0, or Pi is semiample. 

'Nklt(Z,A(A) z -aN) 

Then P is semiample. 

Proof. Define L := f*(aD — (Kx + A)). Then we can apply lemma [273] to the big 
and nef Q-divisor L and to the pair (Z, A(A)z — aN) and we find a Cartier divisor 
r and a rational number A > such that L — XT is ample, (Z, A(A)z — aN + Ar) 
is LC and CLC(Z, A(A) Z - aN + XT) = CLC(Z, A(A) Z - aN). 
Furthermore, we can choose T generically in its linear series and we have that 
Ps(|r|) = B_|_(L). Then, by Bertini's lemma, we can suppose that, outside B + (L), 
T is smooth and it intersects A(A)z — aN in a simple normal crossing way. 



Now we apply lemma 2.6 and we consider to, D' , P', N', Az as in the lemma. Then 



t P' - (K z + A z + Ar - N') = P + L - XT is ample. 



We conclude by applying theorem 5.2 to the pair (Z, Az + Ar — N') = (Z, A(A)z 



aN + Ar) and the Q-Cartier divisor P': 

In fact and we can argue as in the proof of corollary 5.3 to show that all the 



hypotheses of the theorem are verified. □ 
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8. Examples 

8.1. Basic construction. The following general construction is due to Hacon and 
McKernan (see [Laz09l theorem A.6]). The choice of the surface S is due to Gongyo 
(see \GonQ9\ Example 5.2]). 

Let S be the surface obtained by blowing up P 2 in 9 very general points, so that 
— Kg is nef but not semiample. Let S C F N be a projectively normal embedding. 
Let Xq be the cone over S and let (ft : X — > X$ be the blowing-up at the vertex. 
We have that X ~ ¥$(Os ® Os(—H)), where H is a sufficiently ample divisor on S. 
Now we denote by it : X — > S the natural projection, and by E the (^-exceptional 
divisor, so that E ~ S. 

Note that — (Kx + E) is big and nef. Hence (X,E) is a weak log Fano DLT pair 
and E is the only LC center of (X, E); in particular it is a PLT pair. 
Now, by adjunction, we have that — (Kx + E)\ E = —Ke, whence — (Kx + E) is not 
semiample because —Kg is not semiample. 

8.2. Applications. In example |8.1| we will show that, with the notation of the 
previous subsection, E C M + (-(K x + E)), but E % M(-(K X + E)). 

Then we have that (X, E) is a PLT (hence DLT) pair such that 

(1) -(K x + E) is big and nef; 

(2) B(— (K x + E)) does not contain the only LC center of the pair (X, E); 

(3) —(Kx + E) is not semiample. 



In example |8.2| we will construct, for every k G N, a Q-divisor P and a Q-divisor A 
on X such that (X, A) is DLT and the following conditions are satisfied: 

(1) P is big and nef; 

(2) P - (K x + A) is big and nef; 

(3) The pair (X, A) has m > k LC centers and just one of these is contained in 
B+(P); 

(4) P is not semiample. 

Note that property 3 implies that there is one LC center of (X, A), say V, such that 
P remains big when restricted to every LC center in CLC(X, A) \ {V}. 



These examples show that in many of our theorems, e.g. proposition 3.1, theorem 
3.4 and corollary 5.3 we cannot lighten the hypothesis on B + , in the sense that we 



cannot replace it with the same hypothesis on the stable base locus and we must 
take into account all the LC centers. 

Similarly we cannot sharpen the hypothesis of logbigness of P in Conjecture 1 as 
well as in theorem 4.2, in theorem |5.4| and in corollary |5.6| 



Example 8.1. Note that E CM. 
have that 

M + (-(K x + E)) 
and (-(K x + E) 2 • E) = (-(K x + % 



(Kx + E)) because by Nakamaye's theorem we 



Null(—(Kx + E)) 
! = 0. 



On the other hand we have that E % M(-(K X + E)): 
In fact 

h°(E, -(K X + E)\ B ) = h°(F 2 ,l {pi _ pg} (3)) + 0. 
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Thus the surjectivity of the restriction map 

H°(X, -(K X + E)) -> H°(E, -(K X + E) ]E ) + 0, 

given by Kawamata-Viehweg vanishing theorem ( [Laz044 theorem 4.3.1]), implies 
that E £ Bs(\ - (K x + E)\),so that in particular E % M(-(K X + E)). 

Example 8.2. Let A\,...,Ak be smooth hyperplane sections on Xq such that 
v A\ for every i = 1, . . . , k and the ample divisor A := ^ Ai is SNC. Let 

P:=-(Kx+£) + <f (^). 

Moreover define A := E + 4>*(A) = E + (f)~ 1 (A). 

Note that the pair (X, A) is DLT, because X is smooth and E + 0~ (A) is a SNC 

divisor, and the LC centers of (X, A) are exactly the irreducible components of finite 

intersections of prime divisors in the support of A, namely E and 4>*(Ai) for every 

i G {1, ... k}. Note also that P and P — (Kx + A) are big and nef. 

Now we know that there exists e > such that 4>*(A) — eE is ample. Then we can 

write 

P = ( - (K x + E) + cp*(A) - eE) + eE, 
where —(Kx + E) + <^*(^4) — eE is ample. 

This implies that JB + (P) C P. On the other hand <p*(A) n E 1 = 0, so that the only 
LC center of the pair (X, A) contained in B+(P) is -E 1 . 

Moreover, as 0*(^4)| B = 0, we have that P\ E = —(Kx + E)\ E = —Ke is not semi- 
ample, because E ~ S. Therefore P is not semiample. 
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